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Maximal symmetry groups of quantum relativistic equations
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Abstract. We have used Lie’s extended group method to obtain the maximal symmetry
groups of the Dirac equation for finite mass spin-} particles and the Weyl equation for
zero mass spin-} particles. In both cases the maximal symmetry group is an infinite
parameter Lie group having an invariant subgroup also of an infinite number of generators.
The corresponding factor group for the Dirac equation is an eleven-parameter Lie group
isomorphic to the Weyl group. In the case of the Weyl equation the corresponding factor
group is a sixteen-parameter Lie group containing a proper subgroup isomorphic to the
conformal group.

1. Introduction

The importance of the ten-parameter inhomogeneous Lorentz group (Wigner 1939) in
relativistic quantum physics is that the Dirac equation for finite mass spin-3 particles,
the Weyl equation for zero mass spin-3 particles and the Maxwell equation for zero
mass spin-1 particles can be obtained (Elliott and Dawber 1979, Lyubarskii 1960) from
different irreducible representations of the inhomogeneous Lorentz group (also known
as the Poincaré group). Yet it has been known from the beginning of this century
(Bateman 1910) that Maxwell’s electrodynamic equations are invariant under the larger
fifteen-parameter conformal group of Minkowski space. Gross (1964) showed the
norm invariance of quantal relativistic equations for zero mass particles under the
conformal group. Fulton et al (1962) discussed the role of conformal symmetry in
different branches of physics including the Klein-Gordon equation for scalar fields
and the Dirac equation.

In a previous publication (Rudra 1986) we obtained the maximal symmetry group
of the Hamilton-Jacobi equation for a non-quantal particle, both of finite mass and
zero mass. Here we are interested to know what the maximal symmetry groups of the
multicomponent equations of Dirac and Weyl are. By maximal symmetry group we
mean the maximal Lie group for the transformations of the spacetime coordinates and
the multicomponent wavefunction that keeps the form of the differential equation
invariant. We have used Lie’s extended group method (Hamermesh 1984, Olver 1976,
Rudra 1984, Sattinger 1977) to obtain these symmetry groups. Recently this method
has been successfully used (Leach 1981, Prince and Leach 1980, Wulfman and
Wybourne 1976) to obtain the maximal symmetry groups for the classical harmonic
oscillator and Kepler motion. Our analysis of the two quantal relativistic equations
shows that for each of them the maximal symmetry group is an infinite parameter Lie
group having an infinite parameter invariant subgroup. The corresponding factor group
for the Dirac equation is the eleven-parameter Weyl group consisting of the generators
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of the Poincaré group and the scale transformation of the four-component wavefunc-
tion. The factor group for the Weyl equation for zero mass spin-3 particles is a
sixteen-parameter Lie group containing a proper subgroup isomorphic to the conformal
group.

In § 2 we have described Lie’s extended group method for obtaining the maximal
symmetry group of a set of differential equations. Since our equations of interest are
linear first-order partial differential equations, we have considered this case in some
detail. In 8§83 and 4 we have applied the method to obtain the generators of the
maximal symmetry groups for the Dirac and Weyl equations.

2. Lie’s extended group method

We now describe Lie’s extended group method and develop it in a form suitable for
linear first-order partial differential equations of quantum relativistic physics.
We consider a set of partial differential equations

A%(q,¥;r)=0 a=1,...,p (1)
in s dependent variables ¥k k=1,...,s and n independent variables ¢', i=1,...,n.

Here r denotes the highest order of partial derivatives of W¥ We first construct a space
of all variables and derivatives q', ¥* and ¥¥%, where

n -1

V=gl (H (aq‘)"') with J= (i, ..., 3n) [T = i (2)
i=1 i

J: being non-negative integers. If
X=X fi(q,‘l’)a/aqi+;<Pk(q,‘l’)6/a\lf“ (3)

is the generator in the product space (g, ¥) then the rth extension X" of X is given
by

XV=X+Y ; ex(q, ¥, ¥,)3/3¥5. (4)
k 1=s{Jl=<r

Here

¢i=D’(¢k—Z‘I’f‘§‘)+Z‘I"J‘,,~§‘ ()
where

‘I’f=3‘pk/aqi (J,i)E(jl,-~~,ji—x,ji+l,ji+1,---,jn) (6)
and

D’ =[] D} with D,=3/3q'+Y. Y Wkoa/owk (7)

i=1 k o<|J|<r

The system of partial differential equations (1) has the maximal symmetry group
G with generators X if

XA (q, W, r)=0 a=1,...,p (8)

It is to be mentioned that in equations (3)-(8) the g, ¥* and ¥ are to be considered
as independent variables. On the left-hand side of equation (8) we use equation (1)
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and separately equate to zero the coefficients of different order partial derivatives of
W¥* and their products and thus obtain a set of partial differential equations for ¢ and
¢. The solutions of these partial differential equations give us the most general form
of X and hence the maximal symmetry group.

In the case of linear first-order partial differential equations of quantal relativistic
physics

A =¥k-Y a;, ¥7-Y af, V" =0 k=1,...,n 9)

where the coordinates are 7 and x*(a=1,2,3). We take the general form of the
generator as

X =£3/or+Y £%9/0x° + Y, ¢rd/ ¥~ (10)
a k

In equation (9) the subscripts 7 and « denote partial differentiation with respect to 7
and x” respectively. Equation (8) now becomes

X(I)AE (‘Pl;r _Z a(l)mwm - Z a?m(Pm;a + Z ‘PI;\P'"a(r)nkq,k
m mao mk

—£1Y ah, U+ Y abeai£2V - Y ajad, i
m

mka mrk

SO ACLIVELIL S E“(éa?m/axa)‘lf"')

e 3 vz ow( 4D ey v) -anei+ T abts
ma rk B
_g aﬂcgpk;‘l"" +; aZm‘Pl;\Pk +Z azmaﬁ(‘fé
kB

+Zk: alanéymV =Y ahai, eV =Y al,af,£4xV”
ri rk rk
S ACLTELED) §‘*(aaﬁn/ax"’)]

B

k a T
+3 Z \I’Z"I’ﬁ <_5m1 z a?kfg:"*' a?m€$*+z armazﬂrfwk
r r

mkap

_Z a?maf]kg\l"_ O Z afmf@'*‘ aﬁ(é&-’m-*-z a?kaﬁfziw’"
r T r

-2 aﬁafmffw)=0- (11)
r

In equkation (11) the W* subscripts also mean partial differentiation with respect to
the ¥,

3. Maximal symmetry group of the Dirac equation

We now solve equation (11) for the Dirac equation of finite mass spin-3 particles and

obtain the corresponding maximal symmetry group. The four-component Dirac ¥
satisfies

aV/ar+a V¥ +(ime/h)BY =0 (12)
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0 o I 0
a=<a_ 0) B—(O —I) and T=ct (13)

o being the Pauli matrices and I the 2 x 2 identity matrix. We thus have four equations
A™ =0, m=1, 2, 3, 4 corresponding to equation (9) with

where

ali=ah=-a%=—al= —imc/ ] al,=a3,=—a3=—a; =i (14)
als=ap=ah=ay=ah=a},=—ay,=—a,=-1
with all the other coefficients being zero.
Equating to zero the different coeflicients of ‘I’Z‘I’ﬁ, we obtain
Egm=E€gm=0 a=1,2,3 and m=1,2,3,4. (15)
Equating to zero the different coefficients of ¥, we obtain
§§+§ﬁ=0 a#f a,B=1,2,3
§a—E7=€6-6,=0 a=1,2,3 (e

and
Prv? = P39t = -3(&-i83)
P = P32 = & - lfi)
Prv' = Qay® = 53 11E3) (17)
P2’ = Qo' = &+ 153)
Pre' = @3v’ = Qat HiE) = @ry2 i)
PrLed = Q3! = a2t 3= @29t 3
Equating to zero the terms independent of ¥, we obtain
et @3t @an —igspt(ime/ B e,
+(ime/ B)[(£7 - 10 W' +3(£3 - ig)W?
+(nw — £V - 3£ -16)¥*] =0
®2,:— a3t @3 Tigs o+ (ime/ h) e,
+(ime/ R)[~HE+IE)V + (€7 - @ry?) V7 (18)
+(@owr— €1 —i§§)‘1’3+ (@200t fg)q’a] =0
@3t Pr3t @a —ipr —(ime/ k),
+ (ime/ B)[(&5 - (Ps;w‘)‘l’l +(¢1—ié63 - <P3;~y2)‘1’2
(@300 — NV + ‘Ps;\v“p4] =0
Car— @23t o tTip—(ime/ ) e,
+(ime/ R)[(E]+i€5— @a)V' = (£1+ @ae?) ¥?
+ 904;\1:3‘1'3 +(Qaut— v =0.
From equation (16) it follows that

£/ (8x) (5x7) (6x>)™(87)" =8°¢7/ (ax") (9x?) (ax>) ™ (97)" = 0 (19)
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k, I, m, n = non-negative integers, k+I+m+n=3, a =1, 2, 3. Equations (19) and (15)
give us
£5=a, +bx* =Y e,5,bgx? + by, o=, (P —77)+2x° (Z cpx? + c4r)
By B
(20)
E =a,+br+Y by X"+ (rP—1)+27 (Z C X%+ cu)
where =3, (x*)?, .3, = permutation symbol, and a, b and ¢ are constants. Equations
(17) and (15) give us
‘pk;‘l’m‘l"" = 0 and thus ¢k(xay T, \p) = ‘P(l)((xa) T)+Z ‘Pk;‘l’m(xa, T)\Pm' (21)

Using equations (20) and (21) and equating to zero the coefficients of different ¥* in
equation (18) we obtain

G=c¢,=b=0 Q.97 = £3/2=bg/2 ¢q.4! = C = constant.
We thus obtain
=0, euabpx”+byiar £ =a,+Y by x°
By a

©1= @+ cW'+ (by+ib)W?/2+ bW /2+ (b, —ibs)¥*/2
2= @3— (b —ib) )W /24 (c—ibs)W?/2+ (bs+ibs)¥3/2 — bs¥*/2 (22)
@3 = @3+ bgW'/2+ (by—ibs)W?/2+ W’ + (b, +ib ) ¥*/2
©s= @3+ (b, +ibs)¥W'/2—bW?/2~(by—ib)W’/2+ (c—iby)¥*.
Equating to zero the terms independent of ¥* in equation (18), we obtain
<P?.,T+§ a?n<p?,;x+(im6/ﬁ)§ﬁzn¢?‘=0- (23)

It is evident from equation (23) that ¢} do not contain the a, b and ¢ of equation
(22). Thus the generators originating from ¢ are independent of those arising from
£°, €7 and ¢, 4. We therefore concentrate our attention first on these latter generators.
The eleven generators given by equation (22) are
X*=—i3/9x* X" =-i3/ar
Xp=-1Y e, x"3/ox" -3 Y arkw*s/oum
nv km

(24)
X1=(18/3x" +x*3/37)+3 ¥ alk¥ s/o0™
km
xX¥=Y¥m3/9¥"
where

&—(” 0) Awv=1,2,3 d  km=1,2,3,4

0 o sH, V=1, 2, an ,m=1,2,5,4.

The non-vanishing commutation relations are

[XA, ﬁ]=ize/\y.vxy [XA, Xt]__'BAy.XT
(X7, Xi]=X" [ Xk Xk]=i) e Xk (25)

[X/}‘ly t]zlzeAy.VXr_ [Xi\_’ I‘f]=izez\uv'x;‘
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Physically X* and X" denote translations along x* and 7 coordinates; X% denotes
rotatlon about x* axis together with transformation of Yk X1{ is the Lorentz boost
along x* coupled with transformation of ¥*: and X¥ denotes scale transformation of
W These eleven operators form a subgroup G of the maximal symmetry group G of
the Dirac equation. The proper subgroup H of G consisting of all the generators
except X¥ is isomorphic to the Poincaré group.

We now turn to equation (23). Since we are investigating Lie group structures, we
consider analytic solutions
@% =2 (n!/ninyinytng) Kn(ny, na, ns, nd(x1)™(x)™(x%) (7)™ (26)

{n}

with n = n,+ n,+ n,+ n,, where K, (n,, n,, ny, n,) are constants. Equation (23) gives
us the following recursion relation among these constants:

Ki(ny, ny, ny, na+2) = Ki(ny+2, ny, ns, 0} + Ki(ny, ny+2, 3, ny)
+K,(ny, ny, ny+2, ng) —[nt/(n+2)1(me/ 8)*Ki(ny, ny, ny, na)

with n=n,+n,+n;+n, and

Ki(ny,ny,ny, 1)==% ak*K,(n,+1,{n,},0)

pr

—[1/(n+1)](lmc/ﬁ)Zl3 (i, 2, 13, 0) (27)

with n=n,+n,+n,.

Out of the total number 2[(n+3)!/n!]/3 of constants K, (n,n,, ns, n,),
homogeneous of degree n = n,+n,+ n;+ n,, the number of independent constants is
thus equal to 2(n+1)}(n+2). These mutually commuting independent generators are
infinite in number, forming the infinite parameter Lie group Go. Ge is an invariant
subgroup of G such that G/G,=~G. Thus G is the semi-direct product G=G.® G.

We now obtain the general form of the generators of G,. Using equation (27),
after some combinatorial calculation, we obtain

Z @0 X, ZZZ[(n1+nz+n3)'/nx‘nz‘n3'] Z K,(n, ny, n3,0)X,(n,, ny, n3)

m o ny ny

where

[n/2]
X,(n,, n,, n3) = 2 Z (nl!nz!n3!s!/sl!SZ!S3!)

s=0 sy+s+s3=g
X (XJi(T)[TZS/(B) DIT L) ™2/ (n, = 28,)1]
= (ime/ ) fi(n)[7*7/ 25+ 1)!] Z B5X, H [(x*)™"2%/(n, —25,)']

—fAn)>Y (25+1)‘]Z aipF X, [(x*) ™ 7297 (ny =25, ~ 1)1]

X [T [(x*)m 2% (n“—2s“)!]>

HHEA

with

finy= f [2)Ur+s)!/(2s+2r)!str!)(imer/ h)*"
r=0
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and

fi(r)=[(2s+1)/(mer/h)*™] LT (mer/ h)*fy(7) d(mer/ h). (28)
Here we have used [x] as the integral part of any positive real number x and have

written X, for —ig/oW".
The first few generators of G, are

X?=X, cos(mer/h)—i). BEX, sin(mer/#)

Xt =x*X]—(h/mc) Y att¥X, sin(mer/h)
X1* = x*x#X{ - (h/mc) sin(mer/ ) (x* Y at* X, +x* Y a?n*Xn) (29a)
+ 84, (AT/ mc) (X, sin(mer/h)+i Y, BE X, cos(mer/h)

—i(h/mer) Y, BEX, sin(mcr/h))

with non-vanishing commutation relations

(X7, X" ]=(mc/h)Y BEX" (X!, X¥]=X}

[x7, Z ¥k X [XS, X“]—(lmc/h)ZB?ﬁ,X“+ za ok X0

(X1, X*]1=i8,,X7 [Xr,x*]=(mc/ﬁ)2ﬁ X“—lZa *x0 (29b)
[X;L,XW]=XT [X;‘, ‘l{]=ize»\ulrxly Za *X)‘

(X7, Xt)=(imc/h) ZB}':,X’\“+Za,*X“+ Zaﬁ,*x"

4. Maximal symmetry group of the Weyl equation

In this section we shall obtain the maximal symmetry group of the Weyl equation for
zero mass spin-3 particles. The two-component Weyl equation satisfies

W/3r+o V¥ =0 T=ct (30a)
where o are Pauli matrices. We thus have two equations A™ =0, m = 1, 2, corresponding
to equation (9), with
Ao = af,=a}2=a§,=—a§2=—l a%2=-a§1=i (30b)
the other coefficients being zero.

Equating to zero the different coefficients of ¥ ¥ ,';, we obtain

Eom=ESm =0 a=1,2,3 m=1,2. (31)
Equating to zero the different coefficients of ¥, we obtain

Ep+ea=0 a#p £a—€r=€7-6,=0 a,B=1,23
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and
o1 =3(£7—i83) +HE -i8)
Paw = HET+i€5) - HE+iE) (32)
Prut — P22 = €5 Hibd.

Equating to zero the terms independent of ¥, we obtain

Prrt 013t 021~ 1022 = @2, — P23t @11 TR =0. (33)
From equation (31) it follows that
3£7/(ax") (ax?)! (ax*)™(a7)" = 0°¢"/ (ax") " (9x7)' (8x*) ™ (87)" =0 (34)

where k+1+m+n=3.
Equations (30) and (34) give us

E5=a, +bx® =Y eug,bpx” + by, or— (1P — %) +2x° (Z cgx® + cn)
By [
(35)
E=as+br+) by x"+c(rr—r)+27 (Z . x*+ c.,,*r)

where r’ =3, (x*)’, «=1,2, 3 and q, b and c are constants. Equations (30) and (32)
give us

Pyt =0 and thus Pm = (X% T+ Y @man(x%, T)E (36)

Using equations (35) and (36) and equating to zero the coefficients of different ¥™ in
equation (33) we obtain

Cmw" =(C +iby/2+bg/2-3 Y, c,x* —3c47> Smn
I
Y 0lhbyn, /241Y ahb /24 ¢ ) gl xt 1Y ohine,
w " M u
-1 Y e\ TmnCux” (37)

Apv

where C is a constant. Equating to zero the terms independent of ¥™ in equation
(33), we obtain

(P(l);7+ ‘p(l);3+ ‘pg;l "iﬁo(z’;z = qu;-r - ¢g;3+ QD(IJ;I +1(P(l),2 =0. (38)

From equation (38) it is again evident that ¢% do not contain the constants a, b and
c and thus the generators obtained from the solutions of equation (38) are independent
of those arising from £, ¢” and ¢ ..y~ In the latter category we obtain 16 generators
corresponding to the proper subgroup G of the maximal symmetry group G,

X*=—i3/ax" X" =-i3/ar XY=y ¥ms5/5¥m
Xo=713/37+Y. x8/ax* -3X"Y
Xa=-1) e, xP9/0x" =1 Y opk¥rs/o¥™

By km

39)
Xt =r18/0x"+x%0/3r+} Y ap¥¥¥s/0¥™ (
km



Maximal symmetry groups 3209

Xe=({/D(rP =) X +1X{+i Y e XXt -3x°XY
By

X,Z=—(i/2)(r2—72)X’+Zx"Xﬁ—%rXW a,B,v=1,2,3
with the non-vanishing commutation relations
[XCI’XO]:XQ [Xﬂ,Xg]=iZeaB‘yX‘y [Xa,XE]_;aaBXT
Y
[Xas Xﬁ] = _iaaBXO_Z eaByX?R [Xa, X:\] = _in
4
[X7, Xo]=X" (X", X{]=X* [X7, Xa]=-1X{ [X7, Xal=-i1X,
P P r r « . 40
[Xo, Xa]l= X3 [Xo, XA]= X4 [XRsXﬁ]___lzeaBylel (40)
b4

[X;’X€]=izeaﬁyxlz [X;axi]'__izeaﬁyxz

b4 Y
(X5, XP1=iY eas X3 (X5 X81=8,Xa2  [XE Xal=X3

Y

It should be noted that the subgroup consisting of the generators other than X¥
is isomorphic to the conformal group (Bateman 1910, Fulton et al 1962, Gross 1964).
The generator X¥ corresponds to the scale transformation ¥™ -» s¥™, It is also clear
that Xg and X7 are not pure rotations and Lorentz boosts in the coordinate space,
but the ¥™ are also to be simultaneously transformed. However Xg=Xg+ X[ is a
symmetry operation without change in the ¥™. Physically X is a screw transformation,
being a simultaneous rotation about the x“ axis and a Lorentz boost along the same
direction.

We now determine the other generators of G given by equation (38). Because of

our interest in the Lie group symmetry, we again use an expansion equation (26) and
get the recursion relation

K,.(ny, ny,ny,ny+2)= K, (n+2,n,, n3, n)+ K,,.(ny, ny+2, ny, ny)
+ K. (ny, ny, ny+2, ny)
Km(nl’nZ, n391)=_zO-ﬁrrKn(nu+la{"u’}sO) m=l’2'

np

(41)

Out of the total number of }(n+3)!/n! constants K,,.(n,, n,, n;, n,), homogeneous
of degree n=n,+ n,+n;+n,, the number of independent constants is thus equal to
(n+1)(n+2). Combinatorial calculation gives the independent generators

[n/2]
Xm(ny, ny,ny)= Y Y (ny!'ny!ng!st/ s !s,!s,!)

5=0 sy+sy+s3=5
/

x(xm[r“/us)!] TTI(x*)% 2%/ (n, =25,)1]

=2 o X, [T (2s + D[(x*) 2% (n, =25, — 1)!1]

< TI [(x")"»*“»/(ny—zs,)!]) (42)

vEu

where n=n,+n,+n,.
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These mutually commuting independent generators again form an inﬁn_ite parameter
Lie group G, which is an invariant subgroup of G such that G/Go=G. Thus G is
again a semi-direct product G=G,® G. The first few generators of G are

X =X, Xe=x*X0—7Y oh¥X"
X = x'xH X0~ xr T oW XS =1 L ohE XS + 128, X, “3)
with the non-vanishing commutation relations
(X% X¥1= X5, (X%, Xo]=~3X0, (X% =-1Y omiX
[ X% —%Z T X (X% XA1=—3X5—(1/2) ¥ enomXh
pevn

(X5 XA1=3Y o X} (X5 X*]1=180.X ",

e
(X5 X"1=-i), o X (X4, X¥1= X1,
[X%, Xol=—3X"%, (X% XR]1=12 evun X %;U’JﬁX* (44

[Xh Xt1=}T oaiXi+ T ohhXs
(X5 XR1= 18, T X7 =3X0 = (0/2) L a0 ih X

[X%, Xa]= Z oAk X 4 2 TEEXEA
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